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Abstract 

We investigate the equivalence of bipartite quantum mixed states under local unitary transfor- 
mations by introducing representation classes from a geometrical approach. It is shown that two 
bipartite mixed states are equivalent under local unitary transformations if and only if they have 
the same representation class. Detailed examples are given on calculating representation classes. 
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I. INTRODUCTION 



As a key physical resource in quantum information processing such as quantum cryp- 
tography, quantum teleportation and quantum computation [l| , quantum entanglement has 
been recently extensively investigated. Due the fact that the properties of entanglement 
for multipartite quantum systems remain invariant under local unitary transformations on 
the individual subsystems, the entanglement can be characterized in principle by all the 
invariants under local unitary transformations. For instance, the trace norms of realigned 
or partial transposed density matrices in entanglement measure ^| and separability criteria 
[sl are some of these invariants. Therefore a complete set of invariants gives rise to the clas- 
sification of the quantum states under local unitary transformations. Two quantum states 
are locally equivalent if and only if all these invariants have equal values for these states. 

There are many ways to construct such invariants of local unitary transformations. The 
method developed in 0, ^, in principle, allows one to compute all the invariants of local 
unitary transformations, though it is not generally operational. There have been some results 
on calculating invariants related to the equivalence of quantum states under local unitary 
transformations , e.g . for general two-qubit systems [g], three-qubit states [?, ^, some generic 



mixed states 



tripartite pure and mixed states [12]. In particular, in terms of the 



Bloch representation of density matrices for general two-qubit systems, 18 invariants have 
been presented in jsl. It has been shown that these 18 invariants are sufficient to guarantee 
that two two-qubit states are equivalent under local unitary transformations, and lack of 
anyone of these 18 invariants would result in incompleteness of the set of invariants. 

However generally we still have no operational criteria to judge the equivalence for two 
general bipartite mixed states under local unitary transformations. In this letter we investi- 
gate the equivalence of quantum states under local unitary transformations according to the 
spectral decompositions and the Schmidt expressions of the eigenvectors of bipartite density 
matrices. We give a general theorem on the local equivalence relations. From this theorem 
one can in principle construct the complete set of invariants under local unitary transforma- 
tions, according to detailed cases. For comparison we calculate the invariants for two-qubit 
systems. Marvelously in our scheme we only need at most 12 invariants to characterize the 
local equivalence of two-qubit systems. As an example we also study in detail the invariants 
for qubit-qutrit systems. 
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II. REPRESENTATION CLASS AND GEOMETRICAL INVARIANTS 



Let Til and 7i2 be complex Hilbert spaces of dimension m and n respectively, m > n > 2. 
The tensor space Ti. — Tii® 0.2 is a complex Hilbert space of dimension mn. Let p and p be 
two bipartite density matrices defined on 7i = Tii 7^2- P and p are said to be equivalent 
under local unitary transformations if there exist unitary operators U on Hi and V on TI2 
such that 

p={U^V)p{U^V)\ (1) 

where | stands for transpose and conjugation. 

As a hermitian operator, a mixed state p with rank I has the spectral decomposition 

P = Ai|ei)(ei| H \- Xi\ei){ei\, (2) 

where \i, i = 1, ■ ■ ■ ,1, are the nonzero eigenvalues of p, |ej) are the corresponding eigenvec- 
tors associated with Aj, which can be chosen as orthonormal vectors. For convenience we 
set Ai > A2 > • • • > Ai > 0. 

Every eigenvector \ei) with Schmidt rank ki has Schmidt decomposition, namely there 
exist orthonormal vectors Oj and 6* of Hi and H2 respectively, j — 1, - • • ,ki, such that 

\ei) = pla{ ®b{ + --- + p!l'4^ ^b^, ki<n, i = 1, • • • , 

where p{, j = 1, ■ ■ ■ , fcj, are so called Schmidt coefficients satisfying {pl^ H — • + {Pi'^ = 1- 
Without loss of generality wc assume p] > pf > ■ ■ ■ > p^" > 0. 

We extend the set of ki orthonormal vectors a\,al,--- , a^^ to be an orthonormal ba- 
sis of Hi, {ai, 02, • • • , Ofei, • • • , a^}, and b\, &2) " " " > to an orthonormal basis of H2, 
{bi, &2, • ■ ■ ) ^fci) ■ ■ ■ ) bn}- Therefore the vectors a*- and 6^, j — 1, ■ ■ ■ ,ki can be represented 
according to the two bases respectively, 

(ai, 4, • • • , 4J = (oi, 02, • • • , am)Xi, {b\, bi, ■■■ , \) = (61, 62, • • • , bn)Yi, (3) 

for some m x ki matrix and n x ki matrix 1^. Denote r(p)j = {\i,p], ■ ■ ■ , p\\Xi,Yi), 
i = 1, /. We say that 

r{p) = {r{p)i,--- ,r{p)i) (4) 

is a representation of the mixed state p. We call the set of all the representations of p the 
representation class of p, denoted by ^{p). 
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[Theorem] Two mixed states p and p of bipartite quantum systems are equivalent under 
local unitary transformations if and only if they have the same representation class, i.e. 
M{p)^^{p). 

[Proof] We first prove the sufficient part of the condition. Assume that the mixed states 
p and p have the same representation class, ^{p) = ^{p)- Hence there exists a represen- 
tation r(p) G ^{p), r{p) G ^{p) such that r{p) = r{p). Let us assume that ai,-- - , flm 
and 61, • • • ,bn be the orthonormal basis of Tti and 7i2 with respect to the representation 
r(p). Si, • • • ,am and 61, • • • ,bn the orthonormal basis of Hi and 0.2 with respect to the 
representation r{p). 

Then there exist unitary transformations U on Tii and V on 7i2 such that 

(oi,-- - ,a„) = U{ai,--- ,am), {h,--- , 6„) = V{bi,--- 

Prom r(p) = r{p) we have Aj = A,, //^ = /i^, = Xj, = for i = 1, • • • , Z, j = 1, • • • , /cj. 
Therefore p = (f/ ® \/) p (f/t ® \/t). 

For the necessary pat of the condition, we assume p = {U V) p {U ® ■ If ^(p) is a 
representation of p, from the spectral decomposition of mixed states, and the properties of 
the unitary transformations, we have that r(p) is also a representation of p, hence ^(p) C 
^{p). Similarly, we have ^{p) C ^{p). Therefore ^{p) = M{p). □ 

RemEirk The representations in the representation class of a mixed state are not in- 
dependent. Actually if one representation is given, the others are also known. And the 
equivalence of two quantum states can be studied by calculating their representation classes. 

We consider as an example the two-qubit systems, m — n — 2. Generally, a mixed 
state p has four different eigenvalues Aj, (i = 1, • • • ,4). Here as the trace of p is one, only 
three eigenvalues are independent. Let Icj), i = 1, • • • ,4, be the corresponding orthonormal 
eigenvectors. Since |e4) is determined by other three eigenvectors up to a scale e*^, we only 
need to take into account three eigenvectors. Every eigenvector of these three |ej), i = 1,2, 3, 
can have at most Schmidt rank two. But only one of the Schmidt coefficients p], pf of |ej), 
i — 1, 2, 3, is independent. Therefore only three eigenvalues and three Schmidt coefficients 
(all together 6 quantities) are free. The matrices Xi and Yi are unit matrices of order 2. 
While X2,Y2, X^, Y^, are unitary matrices of order 2, taking the following form 

where r > 0, q;i,q;3, 0:3 G IR. That is, every matrix has four free quantities. Since |ej). 
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p 



(5) 



i = 1,2,3, are perpendicular to each other, and |e2) and jes) are determined up to a phase 
factor e*^, there are only 6 free parameters left. Therefore we only need at most 12 invariants 
to check the local equivalence for two-qubit bipartite quantum systems, which is different 
from [6] where 18 invariants are needed. 

As an example we consider a two-qubit modified Werner state 

/ (l-e-/)/3 \ 

(l + 2/)/6 (l-4/)/6 

(l-4/)/6 (l + 2/)/6 

V (l + e-/)/3/ 

where 0</<l — e, e>0. When e = 0, p is just the usual two-qubit Werner state |l3| . 
which is separable for /< 1/2. 

p has eigenvalues Ai = (1 — / + e)/3, A2 = (1 — /)/3, A3 = (1 — / — e)/3, A4 = /, with 
the corresponding eigenvectors 

/o\ /o\ /i\ /o\ 

1 



Wi >-- 






VI/ 



1 



\I^3 >- 








1 

V / 



Set ai = 61 = (0,1)*, a2 = &2 = (1;0)*, we have |z/i >= ai ® bi. From ([3]), we have 
Xi = Yi = (1, 0)*. Up to a global phase factor, the eigenvector |z/2 > can be expressed as 

11 1 

|z/2 >= ^(ai®fe2+a2®&i) ~ ^e'%e'^^ai®e-'^'b2+e'^'a2®e-'Hi) = ^{aj^bl+al^bl), 
v2 v2 v2 







f e-'^^ \ 








I e*^i ) 





where of = e*^e*^Mi, = 6*^6*^^02, b\ = e -02, (^2 

X2 = e 

Similarly one can obtain 




bo = e From ([3]), we have 



X, 



-j/3i 



3*7 



e^T2 








The representation class =^(p) is given by ^{p) = (r(p)i, r(p)2, r(p)3, r(p)4), where 

1-/ 1 1 



r{p), = {^-^-^,l,X„Y,), r{ph 



3 'v^'v^ 



X2,Y2) 



r{ph = i ^^l 1, ^3, ^-3), r(p)4 = (/, X4, n). 



(6) 



This representation class is parameterized by 8 free parameters. Any states with represen- 
tations of the form IQ, for some given values ^^i, 6*2, 7, 71, 72, are equivalent to the 
state ([5]) under local unitary transformations. 

III. REPRESENTATION CLASS FOR QUBIT-QUTRIT SYSTEMS 

The representation class can be analytically calculated in principle according to detailed 
situations: the rank of the density matrix, the property of the eigenvalues and the Schmidt 
ranks of the eigenvectors. In the following we investigate as another example in detail the 
local equivalence of qubit-qutrit systems, m = 2, n = 3. We compute the representations 
for the cases that the mixed states have two different nonzero eigenvalues. 

Let Ai and A2 be the two nonzero eigenvalues of p, Ai > A2, A1 + A2 = 1, with |ei) and |e2) 
the corresponding eigenvectors. Then mixed state p has the following spectral decomposition 

p = Ai|ei)(ei| + A2|e2)(e2|. 

As the eigenvalues are different, for given p, \ej) is determined up to a phase factor e*^^. We 
calculate the representation classes according to various detailed cases. 

Case 1 The eigenvectors |ei) and |e2) are all separable, i.e. the Schmidt rank ki = 
k2 = 1. Their Schmidt decompositions are of the forms 

Id) = a} (g) bl, |e2) = al® bl, 

where for fixed p, and 6j are determined up to a phase factor e*^. To calculate the matrices 
Xj, Yi in ([3]) we choose the orthonormal basis of Tii to be {01,02} with ai = a\, which is 
determined up to a rotation 

, ai, 0:2 G M 

e*°2 J 

and the orthonormal basis of H2 to be {61, 62, ^3} with bi = b\, up to a rotation 

e^" 
u{2) 

where a G M, u{2) G f/(2) is a 2 x 2 unitary matrix. 
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Therefore according to ([3]) if we set a\ = {ai,a2)Xi, b\ = (61, 62, ^3)^1, and al 
(ai, 02)^2, bl = (61, 62, ^3)^2, we have 





VV 



Xo 



jiSl Q 

e*^2 



Y2 



e'^ 
u(2) 



(7) 



where 



X2 



; -'2 



1/2 



(8) 



for some xi,X2 and yi, ?/2, 2/3 G C. The representation of p is given by r(p) = (r(p)i, r(p)2), 
where r(p)i = (Ai, l,Xi,Fi), r(p)2 = (A2, l,X2,y2)- The representation class is 

^{P) = {irip)i,r{p)2) \9,eR, u{2) e U{2)}. 

Case 2 The eigenvector |ei) is separable, while {62) is entangled, i.e. ki = 1, k2 = 2. 
The Schmidt decompositions are of the forms 

Id) = a} (g) 6j, |e2) = fli ® &i + fil al O 6^. 

We choose the orthonormal basis of Hi (resp. 7-^2) to be {aj^,a2} (resp. {b\,b2,b3}) as 
defined in the case 1. Then we have the same Xi and Yi as in ([7]). Set 



^ yi Z/2 ^ 



Xi X2 

X3 0:4 



-'2 



1/3 1/4 

y2/5 z/ey 

If P2 7^ /^2) then af, 6^; 03, &2 determined up to a factor e*^. We have 



(9) 



= I \xU 

e*^2 1 I gi/32 



u{2) 



^^2 



e" 



where Pi + ai = P2 + 0:2- The representations of p are r(p) = (r(p)i, r(p)2) with r(p)i 
(Al, 1, Xi, Yi), r(p)2 = (A2, P2) /^2) ^2, Y2). The representation class is given by 



^ip) = {ir{p)i, r(p)2) I e, A, 0i eR,Pi + ai = P2 + «2, m(2) G f/(2)}. 
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If fil = = then af, h\] a^, are determined up to a rotation u{2). The represen- 
tations of p are r(p) = (r(p)i, r(p)2) with r(p)i = (Ai, 1, Xi, Fi), r(p)2 = (As, ^, ^, X2, F2), 
where 



e*^i \ / e 

e^^^ 



1^2° Wl(2)^ Mi(2), M2(2) G f/(2). 



^ U2(2) 
The representation class is given by 

^{p) = {(r(p)i,r(p)2) \e,e,e M; ni(2),n2(2) G f/(2)}. 

Case 3 The eigenvector |e2) is separable, while |ei) is entangled, i.e. ki = 2, A;2 = 1. 
The Schmidt decompositions are of the forms 

|ei) = p\a\®h\+ p\ a\ ® h\, |e2) = a\® h\. 

In the bases {01,02} (resp. {6]^, 62,^3}) of "^i (resp. 7-^2), at first we have 

/io\ 



1 



1 



(10) 



If pj 7^ pf, the representations of p are r(p) = (r(p)i, r(p)2) with r(p)i = (Ai, pj;, pf , Xi, Fi), 
'^(p)2 = (A2, 1,^2, 12), where 







/ e*/3i ^ 



e*^2 



I2 



v 



e'l^^ 
e^^3 



yO 



with 61 + I3i = 62 + P2 and and Y2 given in ([8]). The representation class is 

= {ir{p)i,r{p)2) I gM; 6^ + = 62 + ^2}. 



If p]; = Pi = the representations of p are given by r(p) = (?"(p)i, t(p)2) with r(p)i 
(Ai,^, ^(P)2 = (A2,l,X2,r2), where 



X2 = m(2)X°, Y2 



e^^ 



The representation class is 



^{P) = {(Kp)i, Kp)2) \P,9eR; u{2) G ?7(2)}. 



Case 4 Both eigenvectors |ei) and |e2) are entangled, i.e. ki = k2 = 2. Their Schmidt 
decompositions are given by 

|ei) = /ii ai (g) 6} + al ® b\, |e2) = pi\a\®b\ + fil aj ® bj. 

In the basis {aj,a2} (resp. 62)^3}) of T^i (resp. 'H2), we have Xi and Yi as given in 
(fTUj) . If /i]^ > /ig > /i2, we have 

\ 





f e*^i ^ 




f (.ill ^ 




^2= 1 










I e^^2 1 




I e*^2 1 



v 



yO 
-'2 







e 



«a2 





e^^2 

e*^» 

with 61 + (3i = O2 + P2, 7i + tti = 72 + 0^2, where and Y2° given in ([9]). Hence 
r(p)i = (Al, yuj, /i^, Xi, Fi) and r(p)2 = (A2, yU2' A'-i? ^2, ^2)- And the representation class is 

^(p) = {(^(P)i> rip)2) I A, ^i, 7i, «i e K; ^1 + A = ^2 + /?2, 7i + = 72 + ^2}- 



If /ij > yuf, yU2 = /^2 = have 



e*ei Q 
e^^2 



/ ei/3i ^ 



X0w(2), F2 



v 



Y,'u{2)U^', 



J 



e^^2 
e^^^ 

with 61+^1 = 62+ (32. We have r(p)i = (Ai, /ij, /if, Xi, Fi) and r(p)2 = (A2, ^, ^, X2, Y2). 
The representation class is 

M{p) = {ir{p)i,r{p)2) I ^,^„AgM; + /3i = ^2 + /52, m(2) G f/(2)}. 
If ix\ = fj^l = /i2 > /i2) we have 



X2 = m(2)X2° 



e*^2 



y,= l "(^'^ \ 

I e*^2 



with 6^1 + /^i = 6*2 + (32- In this case we have r(p)i = (Ai, Xi, Fi) and r(p)- 

(A2, P2' /^2; ^2, Y2). And the representation class is given by 

^ip) = {ir{pl,r{p)2) I e,e„f3,eR; 61 + (3, = 62 + (32, u{2)eU{2)}. 

If pj = Pi = P2 = /U2 = have 

X2 = Mi(2)X2°M2(2), Y2=\ ""'^^^^ ° I r2°W2(2)te^^ 







and r(p)i = (Ai, ^, ^, Xi, Fi), Kp)2 = (A2, ^ , ^, ^2, F2), 

=^(P) = {(Kp)i,Kp)2) I ^,7 e M; Mi(2),M2(2) G f/(2)}. 



IV. CONCLUSION 



In stead of usual algebraic construction of invariants under local unitary transformations, 
we have presented a geometrical approach to the classification of quantum bipartite mixed 
states under local unitary transformations, which works for arbitrary m x n dimensional 
quantum systems. It has been shown that two bipartite mixed states are equivalent under 
local unitary transformations if and only if they have the same representation class. As 
shown in the examples, these representation classes can be calculated in detail according 
to the eigenvalues and the Schmidt decompositions of the eigenvectors of density matrices. 
Although general analysis could be rather complicated as one has to take into account many 
different cases, for a given density matrix the calculation would be quite direct. 
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